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1. INTRODUCTION
The Cabibbo-Kobayashi-Maskawa (CKM) ma-
trix [1]:
VCKM =
⎛
⎝ Vud Vus VubVcd Vcs Vcb
Vtd Vts Vtb
⎞
⎠ (1)
transforms, in the Standard Model (SM) theory,
weak and mass eigenstates of quarks into each
others. Its elements are proportional to the am-
plitudes of such processes. We present the re-
sults of measurements involving Vub, Vcb, Vtd,
and Vts, which are the smaller ones, hence the
most diﬃcult to determine. As the matrix is uni-
tary, several unitarity relations can be written,
of which the best known at the B-factories is:
V ∗ubVud + V
∗
cbVcd + V
∗
tbVtd = 0. This can be ex-
pressed in the imaginary plane as a triangle with
sides of comparable lengths. The apex of the Uni-
tarity Triangle (UT) is to be constrained, in fact
over constrained, to infer hints of new physics.
Measurements of angles and sides are complemen-
tary, as the former are derived from the determi-
nation of CP violating asymmetries (and the area
of the UT is proportional to the amount of CP vi-
olation), while the latter from measuring branch-
ing fractions (BF) of various B decays, typically
leptonic and semileptonic, or B mixing parame-
ters. In particular, given the high precision of the
current measurement of sin 2β, it is important to
reach equal level of precision in the measurement
of the side opposite to β. All reported results
are preliminary, unless published, in which case
appropriate journal references are given.
2. Vtd/Vts
The ratio of the oscillation frequencies of Bd
and Bs mesons, Δmd and Δms, is proportional
to |Vtd|/|Vts|2. At the B factories only Δmd can
be measured, but the precision achieved is much
better than in the past and the world average
(Δmd = 0.505± 0.005 ps−1) is dominated by the
Belle and BABAR collaborations’ measurements.
Measurements of Bs mixing are much more dif-
ﬁcult as Bs oscillations are about a factor 40
faster than those for Bd mesons. Bs mixing is
-1.5
-1
-0.5
0
0.5
1
1.5
2
2.5
0 2.5 5 7.5 10 12.5 15 17.5 20 22.5 25
Δms (ps-1)
A
m
pl
itu
de
data ± 1 σ 95% CL limit   16.7 ps-1
1.645 σ sensitivity    25.3 ps-1
data ± 1.645 σ
data ± 1.645 σ (stat only)
World average (prel.)
Figure 1. Bs oscillation: amplitude scan versus
Δms.
out of the reach of the B factories, but not to
the energies of Fermilab. As the mixing is so
fast, a clever way to measure Δms was devised
many years ago: it involves scanning the ampli-
tude versus proper time at diﬀerent Δms values.
The true Δms would give an amplitude of about
1. Such a value was in fact reached years ago
for Δms ∼17 ps−1, but unfortunately these mea-
surements were only sensitive up to Δms ∼14
ps−1, thus only allowing a lower limit on Δms. A
peak at 1 is clearly visible in the recent CDF and
D0 combined measurements (see Fig. 1 [2]) and
a value of Δms = 17.33+0.42−0.21(stat.) ± 0.07(syst.)
is achieved [3]. The precision of the measurement
of Δms is about 3%, hence the uncertainty on
|Vts|/|Vtd| = 0.208+0.008−0.007 is only ∼4%, as many
QCD corrections cancel in the ratio. Fig. 2 shows
the impact of this measurement on the UT ﬁt [4].
A complementary measurement of |Vtd|/|Vts|
can be achieved using b → dγ and b → sγ pro-
cesses, for which B → ρ(ω)γ and B → K∗γ
decays can be used. The Belle collaboration
has detected a b → dγ signal, hence measured
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Figure 2. CDF Δms measurement result versus
the CKM ﬁt without such result.
|Vtd|/|Vts| = 0.199+0.026−0.025(exp.)+0.018−0.015(theo.) [5],
while the BABAR collaboration has set a limit
|Vtd|/|Vts| < 0.19 at 90% conﬁdence level
(C.L.) [6]. The two results are in agreement with
each other and with the Δms results. The ﬁt
using all modes gives 0.16±0.02, about two stan-
dard deviations (σ) away from the Δms result.
3. Vub AND Vcb
3.1. Introduction
Vub and Vcb are typically derived from semilep-
tonic B decays. The various techniques used
can be categorized as either inclusive (when the
hadron is not reconstructed) or exclusive (when
the hadron is fully reconstructed). The inclusive
methods are more eﬃcient but have poor signal to
background ratio. The exclusive ones have lower
eﬃciency due to the full reconstruction of the
event, but good signal to noise ratio. Help can
come from the reconstruction of the other side
(tagging side) of the event. In both cases it is
hard to discern b → u from b → c transitions be-
cause of the very diﬀerent rates, as Vcb is much
larger than Vub. Furthermore, all methods incur
theoretical diﬃculties when attempting to extract
parton level quantities from hadron level ones.
3.2. Inclusive measurements
The lepton momentum spectrum is harder for
b → ulν than for b → clν decays. At ﬁrst
order, the BF of b → ulν is proportional to
|Vub|2. According to the Operator Product Ex-
pansion (OPE), QCD corrections need to be con-
sidered. These corrections are both perturbative
(known to α2) and non-perturbative (although
suppressed by 1/m2b). The dominant uncertainty
comes from the b mass, known to 1%. Further-
more, as Vub is small, the signal is practically
invisible, hence the total rate cannot be mea-
sured. Measurements of partial rates can instead
be attempted, with the help of ad hoc kinemat-
ical selections on such quantities as the lepton
energy (El), the transferred momentum (q) and
the hadron system mass (mx). These rates are
more dependent on non-perturbative eﬀects and
on the knowledge of the Shape Functions (SF).
Vcb can be determined from b → clν decays
as the partial semileptonic rates are related to
Vcb and can be determined with the help of the-
ory. The lepton energy and hadron mass spec-
tra have been measured, together with their mo-
ments. Fig. 3 shows the hadron mass spectra as
measured by the Belle collaboration [7].
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Figure 3. Hadron mass spectra (measured, (a),
and unfolded (b)) in b → clν decays from the
Belle collaboration.
OPE predicts the partial rates and the mo-
ments as a function of Vcb, the b and c quark
masses, and other non-perturbative parameters.
As each observable has a diﬀerent dependence
on these quantities, a global ﬁt can be at-
tempted [8]. Furthermore b → sγ can help
as the energy spectrum of the photon is di-
rectly connected to the SF. The global ﬁt gives
|Vcb| = (41.96 ± 0.23(exp.) ± 0.35(theo.) ±
0.59(semilept.BR.))10−3. Other results are
shown in Table 1; note that the error on |Vcb| is
only of the order of 2%. Many measurements are
used in the ﬁt, of which the most recent ones are
from the BABAR and DELPHI collaborations [9].
mb and m2π are also useful in the determination
of Vub. Measurements from b → clν and b → sγ
processes are in good agreement.
Table 1
Results of the global OPE ﬁt (see text). The ﬁrst
error is experimental, the second theoretical.
Quantity Fit Result
mb 4.590± 0.025± 0.030 GeV
mc 1.142± 0.037± 0.045 GeV
m2π 0.401± 0.019± 0.035 GeV2
BRclν 10.71± 0.10± 0.08%
A way to isolate b → ulν decays is to use the
lepton endpoint, i.e. selecting high energy lep-
tons. A very accurate b → clν background sub-
traction is needed. Several measurements exploit
this technique [10]. The BABAR analysis is per-
formed in the region between 2.0 and 2.6 GeV (to
avoid b → clν background on the low side and
e+e− → uu¯, dd¯, ss¯, cc¯ decays on the high side).
Vub can be extracted using the BLNP calcula-
tions [11]. The results are shown in Table 2; the
theoretical errors include the ones from the SF
knowledge (which uses the OPE ﬁt results).
One of the B mesons can also be tagged in
its fully reconstructed hadronic decays, while
identifying semileptonic decays in the recoil sys-
tem. Using selection criteria on the kinematic
quantities previously described, Vub can be ex-
tracted [12].
A list of all inclusive |Vub| measurements [2] is
Table 2
Results from lepton endpoint analyses. SF un-
certainties are taken from the results of the OPE
global ﬁt. The ﬁrst error is experimental, the sec-
ond theoretical.
El range (GeV ) |Vub|(10−3)
BABAR 2.0-2.6 4.41± 0.29± 0.31
Belle 1.9-2.6 4.82± 0.45± 0.30
CLEO 2.2-2.6 4.09± 0.48± 0.36
shown in Fig. 4. The average, using BNLP, is
(4.45 ± 0.20(exp.) ± 0.26(theo.))10−3 [13]. The
experimental error is now smaller than the the-
oretical. SF and weak annihilation uncertainties
should diminish with more data as well. A new
approach by Andersen and Gardi [14] gives an
even smaller theoretical error.
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Figure 4. Inclusive measurements of |Vub|.
A novel approach realized at BABAR uses a
method by Leibovich, Low, and Rothstein [15]
to combine b → ulν and b → sγ measure-
ments in order for the SF contributions to can-
cel out, hence reducing the model dependence
of this measurement. A technique using weight
functions had been previously proposed by Neu-
bert [16]. Hadronically tagged and background
subtracted events are used to combine the in-
tegrated hadronic mass spectrum below a cer-
tain cut with the high energy end of the mea-
sured b → sγ photon energy spectrum. This is
equivalent to trading some of the statistical er-
ror for non-perturbative theoretical uncertainty.
The optimal choice for the mx cut is at 1.67,
for which it is possible to obtain 72% acceptance
and |Vub| = (4.43 ± 0.38(stat.) ± 0.25(syst.) ±
0.29(theo.))10−3, which can be compared with
the (worse) OPE result obtained from almost
the full spectrum: |Vub| = (3.84 ± 0.70(stat.) ±
0.30(syst.)± 0.10(theo.))10−3 [17].
3.3. Exclusive measurements
For these measurements the Form Factors (FF)
are needed, and though they are theoretically cal-
culable at kinematical limits, empirical extrapo-
lations are still necessary to extract Vub and Vcb.
For B → πlν the FF can be calculated using
several theoretical models [18]. For B → D∗lν
the FF can be expressed as a function of s,
the D∗ boost in the B rest frame. The ex-
pression depends on the theoretical parameters
ρ2, R1 and R2 and the (experimental variables)
angle between the D (lepton) in the D∗ (vir-
tual W ) rest frame and the direction of the D∗
(virtual W ) in the B rest frame, and the di-
hedral angle between the plane formed by the
D − D∗ and the one formed by the W − l sys-
tems [19]. The results of the ﬁt of the experimen-
tal distributions are: R1 = 1.396± 0.060(stat.)±
0.044(syst.+ theo.), R2 = 0.885± 0.040(stat.)±
0.026(syst. + theo.), ρ2 = 1.145 ± 0.059(stat.) ±
0.046(syst. + theo.), |Vcb| = (37.6 ± 0.3(stat.) ±
1.3(syst.)+1.5−1.3(theo.))10
−3. BABAR’s analysis has
improved the knowledge of R1 and R2 by a fac-
tor of 5 with respect to previous CLEO measure-
ments [20].
Fig. 5 reports all the exclusive Vcb measure-
ments to date. The average value of |Vcb| =
(40.9±0.9(exp.)±1.5(theo.))10−3 is in agreement
with inclusive results, although the χ2/dof of all
exclusive measurements is quite poor (30.2/14).
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Figure 5. Exclusive measurements of |Vcb|.
Vub can also be determined via exclusive mea-
surements, though these suﬀer from low statis-
tics. Reconstructing B → πlν without tag-
ging the other side is a technique, where the
neutrino information is inferred from the event
total missing 4-momentum [21]. Two quanti-
ties are used to discriminate between signal and
background: the beam-energy-substituted mass
mES ≡
√
(E∗2i /2 + pi · pB)2/E2i − p2B and the
energy diﬀerence ΔE ≡ E∗B − E∗i /2, where the
subscripts i and B refer to the initial e+e− sys-
tem and the B candidate respectively, and the
asterisk denotes the center of mass frame. Using
these variables, a ﬁt is performed in bins of q2.
By extracting the q2 spectrum and comparing it
with theoretical predictions, it is possible to dis-
criminate between some FF models, as shown in
Fig. 6 for BABAR data, where, for example, the
LQCD/LCSR model is clearly favored over the
ISGWII [22].
Figure 6. Measured q2 spectrum ((a) B → πlν,
(b) B → ρlν) compared with theoretical predic-
tions, from the BABAR collaboration.
Another procedure consists in reconstructing a
semileptonic decay on the tagging side and iden-
tifying a πlν candidate on the signal side [23].
Though the D∗lν BF is large, the presence of
two neutrinos complicates these measurements.
By requiring the two B mesons to be back to
back, it has been possible to obtain the follow-
ing BF measurements for B0 → π−l+ν [24]:
(1.38 ± 0.19(stat.) ± 0.14(syst.))10−4 (Belle),
(1.03 ± 0.25(stat.) ± 0.13(syst.))10−4 (BABAR);
and for B+ → π0l+ν: (0.77 ± 0.14(stat.) ±
0.08(syst.))10−4 (Belle), (1.80 ± 0.37(stat.) ±
0.23(syst.))10−4 (BABAR). Techniques using
hadronic tags yield lower statistics, but require
only one neutrino reconstruction. Furthermore
they allow for high phase-space acceptance, hence
reduced model dependence. The BABAR col-
laboration reports BF (B → π0lν) = (1.28 ±
0.23(stat.)± 0.16(syst.))10−4 [25]. Tagged exclu-
sive measurements are now becoming competitive
with untagged ones.
In summary, Fig. 7 reports all the exclusives
measurements of |Vub|, given the input of several
FF models and the world average exclusive BF for
B → πlν of (1.34±0.08(stat.)±0.08(syst.))10−4.
Note that the experimental uncertainties are now
competitive with those for inclusive measure-
ments. The precision of the exclusive measure-
ments is limited mostly by the FF uncertain-
ties and the exclusive and inclusive measurements
agree within such precision.
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Figure 7. Exclusive measurements of |Vub| for sev-
eral theoretical models.
3.4. Vub from B → τν
B → τν is an annihilation process. Its BF is
related to Vub as:
B(B− → τ−ν¯τ ) = G
2
F mBm
2
τ
8π
(
1− m
2
τ
m2B
)2
×
f2B|Vub|2τB . (2)
where GF is the Fermi coupling constant, mB
and mτ the B and τ masses, respectively, and τB
is the B− lifetime. Due to the helicity suppres-
sion term, which is much more severe for muons
and electrons, there is practically no possibility
to perform BF measurements of B → μ(e)ν de-
cays at the B-factories. Fully reconstructing one
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Figure 8. CKM ﬁt results for CP conserving ob-
servables.
B (hadronic modes for the Belle measurement,
hadronic and semileptonic for the BABAR mea-
surement) and selecting candidates for 5 (Belle)
or 6 (BABAR) τ decay modes, the energy left
unassigned is mostly from combinatorial back-
ground and its distribution peaks at zero for sig-
nal. A clear signal with 21 ﬁtted events is ob-
served in Belle’s data [26]. The measured BF
is (1.06+0.34−0.28(stat)
+018
−0.16(syst))10
−4. It has a 4.2
σ signiﬁcance and is in agreement with the SM
expectation [27]. Using the HFAG [2] average
for Vub, a ﬁrst measurement of the B decay con-
stant fB can be extracted, which is in agreement
with HPQCD calculations [28]. BABAR observes
no signal and instead assesses an upper limit for
the B → τν BF (< 2.6−4 at 90% C.L.) [29]. The
ratio of this BF and Δmd constrains |Vub|/|Vtd|.
4. CONCLUSIONS
Figs. 8 and 9 show the CKM ﬁtter results for
the CP conserving and CP violating observables.
The agreement is good in both cases. Fig. 10
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Figure 9. CKM ﬁt results for CP violating ob-
servables.
shows the 1 and 2 σ contours of the UT ﬁt
results with the side measurements only versus
the measurements of the single UT angles [30].
The small disagreement with the sin 2β measure-
ment is mostly due to Vub inclusive measurements
which are almost 3σ away from the results of the
ﬁt performed without their inclusion. All other
measurements are, presently, very consistent with
each other and with the SM predictions.
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